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Abstract
The baryon acoustic oscillations (BAO) provide an important bridge between the early
universe and the expansion history at late times. While the BAO has primarily been used
as a standard ruler, it also encodes recombination era physics, as demonstrated by a recent
measurement of the neutrino-induced phase shift in the BAO feature. In principle, these
measurements offer a novel window into physics at the time of baryon decoupling. However,
our analytic understanding of the BAO feature is limited, particularly for the range of
Fourier modes measured in surveys. As a result, it is unclear what the BAO phase teaches
us about the early universe beyond what is already known from the cosmic microwave
background (CMB). In this paper, we provide a more complete (semi-)analytic treatment
of the BAO on observationally relevant scales. In particular, we compute corrections to
the frequency and phase of the BAO feature that arise from higher order effects which
occur in the tight coupling regime and during baryon decoupling. The total phase shift we
find is comparable to a few percent shift in the BAO scale (frequency) and thus relevant in
current data. Our results include an improved analytic calculation of the neutrino induced
phase shift template that is in close agreement with the numerically determined template
used in measurements of the CMB and BAO.
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1
1 Introduction
Measurements of the Baryon Acoustic Oscillations (BAO) [1, 2] play an essential role in
our understanding of the universe, connecting the physics of recombination [1] and the
expansion history at low redshift [3]. While the signal-to-noise of the measurement of the
BAO [4–6] is much weaker than that of the cosmic microwave background (CMB) [7], it
is an invaluable tool for understanding the expansion history and breaking degeneracies.
For example, a future cosmological measurement of the sum of neutrino masses requires a
DESI [8] or Euclid [9] level BAO measurement of ωm to accurately determine the ampli-
tude of clustering [10–12]. Furthermore, with their ever-expanding size and depth, galaxy
surveys are increasingly able to make competitive measurements without input from the
CMB (see e.g. [13–17]).
Despite the importance of the BAO to observational cosmology, our analytic under-
standing of the linear BAO remains significantly less-developed than the CMB [18]. In-
stead, the majority of theoretical work has been focused on important non-linear effects
that uniquely impact the BAO measurements, such as nonlinear damping [19–23] and re-
construction [24–29]. Nevertheless, measurements are at the point where additional BAO
phase information can be measured [14]. Furthermore, the BAO peak location is de-
generate with this phase information and could potentially bias the measurement of the
expansion history [30, 31]. This interplay between the BAO peak location and the phase
is particularly interesting in light of the current tension in measurements of H0 [32, 33].
The impact of cosmic neutrinos, and other light relics, presents a particularly com-
pelling motivation to better understand corrections to the structure of acoustic peaks in
the BAO [34]. These particles travel faster than sound waves in the primordial plasma
and source perturbations ahead of the acoustic horizon [35,36]. On small scales, this effect
appears as a constant shift in the phase of the acoustic peaks in the CMB and the BAO.
Furthermore, this shift is robust to non-linear evolution [37] (like the BAO peak itself [38]).
Combining these insights, a first measurement of cosmic neutrinos was made in [14] using
data from BOSS DR12 [39]. Yet, as with the CMB [40], there are important scale depen-
dent corrections to the observed structure of the BAO in addition to the neutrino induced
phase shift. For example, it is well-known that the velocity overshoot [41, 42] associated
with the decoupling of photons and baryons implies a pi
2
shift in phase between a Fourier
mode describing a temperature fluctuations in the CMB and the corresponding BAO mode.
It is therefore natural to consider what additional contributions to this relative phase exist
and what the measurement of the BAO could tell us about physics at the time of baryon
decoupling.
Mirroring the description of the CMB, a simple qualitative description of the BAO can
be described in terms of instantaneous decoupling of baryons and photons, and gives rise
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to an oscillatory contribution to the matter power spectrum [43],
δP (k)
P (k)
≈ ABAO csk sin (krdrift) , (1.1)
where rdrift is the sound horizon at the time of baryon decoupling and ABAO is a constant.
The appearance of a sine (rather than a cosine) is a result of the velocity overshoot de-
scribed above. In this paper, we would like to understand the leading corrections to the
phase of this oscillation on observables scales. These can be described schematically as
δP (k)
P (k)
≈ ABAO csk sin
(
krdrift +
∑
i
ϕi(k)
)
, (1.2)
where each ϕi(k) is a correction to the phase at leading order in some small parameter.
The CMB analogue of this calculation was performed in [40] where they determined the
contributions to the CMB peak locations in ΛCDM needed to match current observations.
Some of these phase corrections will be common to both the CMB and BAO. These
include the gravitational effects of matter and neutrinos prior to decoupling, as well as
subleading corrections in the tight-coupling expansion. These corrections change the pho-
ton distribution prior to recombination and thus directly impact the locations of acoustic
peaks of the CMB and BAO. In addition, the BAO phase is uniquely affected by baryon
decoupling in a way that is distinct from the CMB. We find four such contributions that
correct the BAO phase, resulting from the photon evolution during the decoupling era
and its impact on the baryon (and eventually matter) overdensity. We will see that these
contributions are comparable in size to the neutrino phase shift or, alternatively, a few
percent shift in the BAO scale rdrift. Current measurements are sensitive to sub-percent
changes to the BAO scale [4–6], and the neutrino induced phase alone [14], and thus should
be sensitive to these additional phase shifts as well.
The broader motivation for this work is to understand how physics beyond ΛCDM
might be uniquely encoded in the BAO. However, such an exploration is challenging with-
out first having a complete understanding of the phase in ΛCDM. This is particularly
pertinent to the BAO, in contrast to the CMB, since the data is typically reduced to a
standard ruler which does not directly contain the phase information. While this is valid
in many models [31], the (semi)-analytic description of the BAO we describe in this paper
should make a systematic exploration of the effects of new physics on the BAO phase more
tractable.
The paper is organized as follows: In section 2, we review the equations of the linear
evolution and the conventional derivation of the BAO signal. In section 3, we determine
phase corrections associated with the tight coupling regime, including the effect of free-
streaming neutrinos. In section 4, we calculate the impact of physics at the time of baryon
decoupling. We combine these results in section 5, where we present our full description
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of the BAO phase and conclude in section 6. A few technical details of these calculations
are relegated to appendices.
2 Linear Theory of the BAO
The BAO feature in the matter power spectrum can be determined by solving the linear
cosmological equations [44]. In this section, we give a simplified baseline treatment of the
BAO which we later improve upon in sections 3 and 4. We use Dodelson’s [45] conventions
for the cosmological fluctuations throughout.
2.1 Evolution Equations and Conventions
In this section, we enumerate the equations used to derive the BAO feature in the matter
power spectrum. We are interested in the evolution of the photons, baryons, dark matter
and neutrinos which carry background energy densities ρ¯γ, ρ¯b, ρ¯dm, and ρ¯ν . The metric
can be expressed in conformal Newtonian gauge as
ds2 = a(η)2
(−(1 + 2Ψ(~x, η))dη2 + (1 + 2Φ(~x, η))d~x2) (2.1)
where a is the scale factor, Ψ and Φ are the gravitational potentials, and η is conformal
time. The fluctuations in baryons and dark matter are characterized by their overdensities
δb(~x, η) = ρb(~x, η)/ρ¯b(η) and δ(~x, η) = ρdm(~x, η)/ρ¯dm(η), and velocity potentials v˜b and v˜.
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The photon fluctuations are described by their temperature perturbation,
fγ(~x, p, pˆ, η) =
[
exp
(
p
T (η)(1 + Θ(~x, pˆ, η))
)
− 1
]−1
, (2.2)
where fγ is the photon distribution function and Θ(~x, pˆ, η) represents the photon temper-
ature fluctuation as a function of position, direction and time. The neutrino temperature
perturbation N (~x, pˆ, η) is defined similarly. The temperature perturbations can be decom-
posed into multipole moments using a Legendre polynomial expansion:
Θl ≡ 1
(−i)l
∫ 1
−1
dµ
2
Pl(µ)Θ(µ)→ Θ(µ) =
∞∑
l=0
(−i)l(2l + 1)Pl(µ)Θl (2.3)
and similarly for the neutrinos.
It is useful to express the equations of motion of the metric perturbations and cosmo-
logical components in momentum space. Defining µ ≡ pˆ · kˆ, the relationship between the
1The baryon and dark matter velocities are irrotational and can be written as divergences of the velocity
potentials
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position and momentum space variables is given by
Θ(~x, pˆ, η) =
∫
d3k
(2pi)3
ei
~k·~xΘ(~k, µ, η) (2.4)
and similarly for the other components. We are primarily interested in wave-numbers
belonging to the observable BAO range which satisfy 0.1hMpc−1 ≤ k ≤ 0.3hMpc−1, where
k ≡ |~k|.
The time evolution of the gravitational potentials is sourced by the first three moments
of the photon and neutrino temperature perturbations, as well as by the baryon and dark
matter overdensities and velocities. Defining v ≡ iv˜ and vb ≡ iv˜b, the linear Einstein’s
equations are
a˙ = H0
√
Ωr + Ωma (2.5)
k2Φ = 4piGa2(ρ¯mδm + 4ρ¯rΘr,0 +
3aH
k
(ρ¯mvm + 4ρ¯rΘr,1)) (2.6)
k2 (Φ + Ψ) = −32piGa2ρ¯rΘr,2 (2.7)
where overhead dots represent derivatives with respect to η. Note, the linear combinations
of the matter and radiation perturbations that source the gravitational potentials are
ρ¯mδm ≡ ρ¯dmδ + ρ¯bδb, ρ¯mvm ≡ ρ¯dmv + ρ¯bvb, and ρ¯rΘr ≡ ρ¯γΘ + ρ¯νN . We have also defined
Ωi ≡ ρ¯i/ρcr, where ρcr denotes the critical energy density. With the exception of section
3.2, we set Θr,2 = 0 and freely make use of Φ = −Ψ.
The dark matter only interacts gravitationally with the other components:
δ˙ + kv = −3Φ˙, v˙ + a˙
a
v = kΨ. (2.8)
Baryons, on the other hand, experience gravitational and electromagnetic interactions with
the other components. Mass conservation implies
δ˙b + kvb = −3Φ˙ (2.9)
and conservation of momentum yields
v˙b +
a˙
a
vb = kΨ +
τ˙
R
(vb − 3Θ1) (2.10)
where we have defined
τ˙ = −n¯eσTa, R = 3ρ¯b
4ρ¯γ
. (2.11)
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to parameterize the Thompson scattering of photons off free electrons. In equation (2.11),
σT is the Thompson scattering cross section and n¯e is the background free electron number
density.
The equations describing the time evolution of the full photon and neutrino temperature
perturbations are
Θ˙ + ikµΘ = −Φ˙− ikµΨ− τ˙(Θ0 −Θ− iµvb − 1
2
P2(µ)Π)
N˙ + ikµN = −Φ˙− ikµΨ.
(2.12)
where Π ≡ Θ2 + ΘP0 + ΘP2 and ΘP denotes the temperature perturbation for photon
polarizations. Outside of section 3.3, which considers the effects of diffusion damping,
we set Π = 0. Using (2.3), (2.12) can be broken into equations describing the first few
multipole moments:
N˙0 + kN1 = −Φ˙, N˙1 − k
3
(N0 − 2N2) = k
3
Ψ (2.13)
Θ˙0 + kΘ1 = −Φ˙, Θ˙1 − k
3
(Θ0 − 2Θ2) = k
3
Ψ +
τ˙
3
(3Θ1 − vb). (2.14)
It is often convenient to use the kΘ1 = −Θ˙0 − Φ˙ in the dipole equation to get
(∂2η +
k2
3
)(Θ0 + Φ) = − τ˙ k
3
(3Θ1 − vb) + 2
3
k2Θ2 − k
2
3
(Ψ− Φ) (2.15)
The LHS takes the form of a wave-equation, as expected. Outside of sections 3.3 and
4.2, where we consider corrections to the tight coupling approximation and free-streaming
effects near decoupling, we set Θ2 = 0. In the tight coupling regime, it is useful to eliminate
vb using (2.10).
In this paper, the initial conditions of the cosmological variables are expressed in units
of the primordial adiabatic fluctuation ζ ≡ Φ − ikiδT 0i H/(k2(ρ + P )) as τ → 0. Since
we are interested in the linear impact of baryons on the matter transfer function, which
is independent of the statistics of the primordial fluctuations, we are free to set ζ = 1
throughout.
2.2 Baseline Derivation of the BAO
We begin by giving a simplified derivation of the BAO feature in the matter overden-
sity, following [43]. From the start of radiation domination to the era of decoupling,
the baryons and photons are tightly coupled and oscillate in phase with each other, i.e.
vb = 3Θ1 + O(k/τ˙). The pressure from photon scatterings prevents the gravitational col-
lapse of baryons and the amplitude of the baryon perturbation is comparable to that of
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the photons. Over time, the expansion of the universe causes the photon-baryon scat-
tering rate to decrease. The baryons eventually decouple from the photons and undergo
gravitational collapse. The oscillation frequency of the photon-baryon system depends on
the wavenumber k, meaning different baryon modes decouple at different phases in their
oscillations. The initial conditions for the gravitational growth of the baryons then have
an oscillatory shape which gives rise to the BAO.
It is useful to work backwards and first consider the evolution of the baryons after
they decouple from the photons. Combining Poisson’s equation (2.6) with the evolution
equations for the dark matter (2.8) and baryons (2.10) gives a closed set of equations
describing the full matter perturbation:
δ˙m + kvm = 0, v˙m +
a˙
a
vm = −kΦ, k2Φ = 3H
2
0
2a
Ωmδm. (2.16)
Since k  aH near decoupling, δm is well approximated by the large k solutions first
obtained by Meszaros [46],
δm(k, y) = C1(k)D1(y) + C2(k)D2(y) (2.17)
where
D1(y) = y + 2/3, D2(y) = D1(y)ln
(√
1 + y + 1√
1 + y − 1
)
− 2
√
1 + y, y = a/aeq. (2.18)
In the limit of late times, the growing solution D1 scales as D1(y) ∼ y while the decaying
oneD2 scales asD2(y) ∼ 1/y3/2. Therefore, the resulting matter overdensity at low-redshift
is given by δm(k, y) ' C1(k)D1(y).
Poisson’s equation in (2.16) implies that once the growing mode dominates, the posi-
tion dependence of the gravitational potential is proportional to the Fourier transform of
C1(k)/k
2. This encodes the location of the gravitational potential wells that both dark
matter and baryons fall into and eventually reside in at late times. The Ci(k) depend on
the initial locations of the dark matter and baryons as they begin to undergo gravitational
growth. They are fixed by matching δm and its derivative to the expression for δm valid
before the baryons fully decouple from the photons. The matching conditions are
C1(k)D1(y(ηg)) + C2(k)D2(y(ηg)) =
Ωb
Ωm
δb(ηg) +
Ωcdm
Ωm
δ(ηg),
C1(k)D˙1(y(ηg)) + C2(k)D˙2(y(ηg)) =
Ωb
Ωm
δ˙b(ηg) +
Ωcdm
Ωm
δ˙(ηg).
(2.19)
We choose ηg to be some when the gravitational force on baryons dominates over photon-
baryon scatterings (τ˙  kΦ) and the dark matter overdensity is still the largest source
of gravity (δ  δb). The growing mode coefficient can be split into terms coming from
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the dark matter and baryons, C1 ≡ Ccdm + CBAO.2 Focusing on the baryonic piece, the
matching condition gives
CBAO(k) =
Ωb
Ωm
D2
D1D˙2 −D2D˙1
(kvb +
D˙2
D2
δb) ' −2k
5y˙
Ωb
Ωm
(vb − 3aH
2k
δb) (2.20)
where all functions of time in (2.20) are evaluated at ηg. In the last equality, we approxi-
mated y(ηg) 1 and replaced the Di with their asymptotic expressions.
Since k  aH(ηg), the term proportional to δb can be neglected, giving
CBAO(k) ' − 2k
5y˙(ηg)
Ωb
Ωm
vb(k, ηg). (2.21)
The leading behavior of the BAO profile is then given by the scale dependence of vb(k, ηg).
The fact that the BAO is fixed by the scale dependence of vb and not δb is the well known
“velocity overshoot” effect [41,42]. Equations (2.17) and (2.21) then give the BAO feature
in the total matter overdensity.
To determine vb(k, ηg) and evaluate (2.21), one simply integrates (2.10):
vb(k, ηg) = − 3
a(ηg)
∫ ηg
−∞
dηa(η)gb(η)Θ1(k, η) + IΦ(k, ηg). (2.22)
We have defined the baryon visibility function [43] gb(η) through
τb(η) ≡
∫ η
dη′
τ˙
R
, gb ≡ τ˙be−τb (2.23)
and written the contribution from gravity as
IΦ(k, η) ≡ − k
a(η)
∫ η
−∞
dη′a(η′)eτb(η)−τb(η
′)Φ(η′). (2.24)
The first term in (2.22) gives the cumulative effect of the photon driving force on vb and
is responsible for the oscillatory shape of the BAO. The contribution from IΦ has no
oscillatory information and only shifts the average value of the BAO feature.
The evolution of the tightly coupled photons can be obtained by using (2.10) to elimi-
nate (3Θ1 − vb) from (2.15), yielding
(∂2η + k
2c2s)(Θ0 + Φ) =
k2
3
(1 +
1
1 +R
)Φ, (2.25)
where cs = 1/
√
3(1 +R) gives the speed of sound of the photon-baryon fluid. In deriving
2Restoring units of ζ, the BAO feature in the matter power spectrum is related to CBAO through
PBAOδ (k, a) = 2D1(a)
2Ccdm(k)CBAO(k)Pζ(k).
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(2.25), we have only kept leading order terms in k/τ˙ (e.g. vb = 3Θ1 +O(k/τ˙)) and dropped
the drag term proportional to a˙/a. Near decoupling, the gravitational source in (2.25) is
negligible and the photon perturbations are given by
Θ0(k, η) + Φ(k, η) ' −cos(krs(η)) =⇒ Θ1(k, η) ' −cs(η)sin(krs(η)) (2.26)
where rs(η) =
∫ η
dη′cs(η′) is the sound horizon of the photon-baryon fluid. The minus signs
in (2.26) are due to the evolution of the photon perturbation during radiation domination
(see Appendix A for details). In (2.26), we have only kept the leading contribution from
this effect.
Equation (2.25) is the leading expression for Θ1 near decoupling and can be combined
with (2.22) to obtain vb(k, ηg). The baryon visibility function gb(η) represents the probabil-
ity for an individual baryon to last scatter with the photons at η and can be approximated
as a Gaussian:
gb(η) ' − 1
σ
√
pi
e−
(η−η∗)2
σ2 . (2.27)
Since ηg is chosen after the baryons have fully decoupled from the photons, i.e. gb(ηg) ' 0,
we can take the upper bound of the integral in (2.22) to infinity. Using the fact that (2.27)
is peaked at η∗, the integrand can be simplified by setting krs(η) ' krs(η∗)+kcs(η∗)(η−η∗)
and a(η) ' a(η∗).
Evaluating (2.22) with these approximations gives our leading expression for the BAO
profile
CBAO(k) = − 2k
5y˙(ηg)
Ωb
Ωm
[−A(k)sin(krs(η∗)) + IΦ(k, ηg)] (2.28)
where the amplitude is given by
A(k) ≡ 3a(η∗)
a(ηg)
cs(η∗)e
−( kcs(η∗)σ2 )
2
. (2.29)
As already mentioned, the appearance of the sine in (2.28) is a consequence of the velocity
overshoot effect, and the fact that the baryon velocity is determined by the photon dipole
(2.21). The exponential in (2.29) suppresses modes that oscillate rapidly within the support
of gb, i.e. kcs(η∗) 1/σ.
In deriving (2.28), we neglected several important effects that change the evolution of
the tightly coupled photons. In addition, the treatment of the photon-baryon dynamics
near decoupling was greatly simplified. Corrections to the tightly coupled photons and the
physics near decoupling impact the BAO profile and are considered in sections 3 and 4.
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3 Corrections to Tightly Coupled Photons
The expression for the tightly coupled photons in (2.26) neglects gravitational driving
during matter domination, the gravitational influence of neutrino anisotropic stresses and
higher order corrections to the tight coupling approximation. The contributions from these
effects change the phase and amplitude of Θ1 and the driving force the photons exert on
the baryons. In this section, we compute the leading corrections from each of these effects
on the photon evolution. We first treat the effects separately and then combine terms in
section 3.4.
3.1 Gravity Driving During Matter Domination
In deriving our original expression for the photons (2.26) during matter domination, we
neglected the gravitational source on the right hand side of (2.25) and only kept the
homogeneous solution. As we will show, gravitational driving during matter domination
changes the zero point of the photon oscillations and shifts their phase and amplitude.
The leading contribution from gravity driving during matter domination is obtained by
convolving the right hand side of (2.25) with the Green’s function for the tightly coupled
photons,
GΘ(η, η
′) = − 1
csk
(cos(krs(η))sin(krs(η
′))− cos(krs(η′))sin(krs(η)))Θ(η − η′), (3.1)
from the time of matter-radiation equality ηeq defined through ρ¯r(ηeq) = ρ¯m(ηeq), to some
time η before decoupling. We find
Θ0(k, η) + Φ(k, η) = −(1− α(k, η))cos(krs(η)) + β(k, η)sin(krs(η)) (3.2)
where
α(k, η) = −2k
∫ rs(η)
rs(ηeq)
dxsin(kx)Φ(k,
√
3x)
β(k, η) = 2k
∫ rs(η)
rs(ηeq)
dxcos(kx)Φ(k,
√
3x).
(3.3)
In writing (3.3), we changed integration variables to x = rs(η) and approximated 1+
1
1+R
'
2.
To evaluate (3.3), we need an expression for the gravitational potential Φ valid in the
range ηeq < η < η∗. During this time, the dark matter overdensity gives the largest
contribution to Φ since δb ∼ Θ0  δ. The equations describing δ and Φ are identical to
(2.16) with δm and vm replaced with δ and v. One can approximate k  aH during matter
domination, which means δ(k, η) = δ1(k)D1(y)+δ2(k)D2(y). Neglecting the decaying mode
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D2, the gravitational potential takes the form
Φ(k, y) =
3
2k2
H20
Ωr
ΩmΩdmδ1(k)(1 +
2
3y
) ≡ Φk(1 + 2
3y
). (3.4)
The scale dependence of the gravitational potential Φk can be obtained by fitting (3.4) to
the numerical solution of Φ (e.g. using matter transfer function output from a Boltzmann
code like CLASS [47] or a fitting function like BBKS [48]).
The fact that the scale and time dependence of Φ(k, y) factorizes simplifies (3.3). Work-
ing in the limit krs(ηeq) 1, and using y = a(η)Ωm/Ωr and a(η) = 14η2H20 Ωm + ηH0
√
Ωr,
we find
α(k, η) = cos(krs(η))fΦ(k, η)− cos(krs(ηeq))fΦ(k, ηeq)
β(k, η) = sin(krs(η))fΦ(k, η)− sin(krs(ηeq))fΦ(k, ηeq)
x˜ =
4
H0Ωm
√
Ωr
3
, fΦ(k, η) = 2Φk
(
1 +
x˜
6
(
1
rs(η)
− 1
rs(η) + x˜
))
.
(3.5)
Inserting (3.5) into (3.2) gives
Θ0(k, η) + Φ(k, η) = fΦ(k, η)− (1− AΦ(k))cos(krs(η)) +BΦ(k)sin(krs(η)) (3.6)
where we have defined
AΦ(k) = −cos(krs(ηeq))fΦ(ηeq), BΦ = −sin(krs(ηeq))fΦ(ηeq)). (3.7)
Equation (3.6) implies gravitational driving during matter domination shifts the zero point
of the photon oscillations by fΦ, and induces the phase shift
φΦ ' sin−1(BΦ). (3.8)
The phase shift is then proportional to the transfer function of the gravitational po-
tential Φk. It is well known that for modes entering the horizon before matter-radiation
equality, the transfer function decreases with increasing k. The observable BAO modes
satisfy k > aH(ηeq), which means the BAO phase shift resulting from φΦ is largest for
modes at the lower end of the observable range.
3.2 Neutrino Anisotropic stresses
In this section, we compute the effects of neutrino anisotropic stress on the evolution
of the photons. Unlike the tightly coupled photons, neutrinos free stream at nearly the
speed of light in vacuum during radiation domination. This means their anisotropic stress,
parametrized by N2, is not suppressed relative to N0 or N1. Since neutrinos travel faster
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than the speed of sound of the photon-baryon fluid, they source a unique contribution to
the gravitational potential that is correlated at distances larger than rs(η). This induces
a phase shift in the photon oscillations which changes the peak locations of both the
CMB [35,36] and BAO [37].
The gravitational effects of free streaming neutrinos on photons can be computed simi-
larly to how the gravitational effects of matter were evaluated in section 3.1. The difference
here is that since we are including a finiteN2, the constraint equation (2.7) implies Φ 6= −Ψ.
The gravitational source on the right hand side of (2.25) now consists of the combination3
Φ− ≡ Φ−Ψ. The leading contribution from neutrino anisotropic stress can be written
Θ0(k, η) + Φ(k, η) = −(1− Aν(k, η))cos(krs(η)) +Bν(k, η)sin(krs(η))
Aν(η) = −kcs
∫ η
0
dη′sinkrs(η′)Φ
(1)
− (η
′), Bν(η) = kcs
∫ η
0
dη′coskrs(η′)Φ
(1)
− (η
′)
(3.9)
where Φ
(1)
− denotes the leading correction to Φ− from the gravitational effects of N2.
According to equation (2.7), the symmetric combination Φ+ ≡ Φ + Ψ is sourced by the
neutrino anisotropic stress. To determine N2, it is useful to first solve (2.12) for the full
neutrino temperature perturbation,
N (µ, η) = Nine−ikµη −
∫ η
0
dη′e−ikµ(η−η
′)(Φ˙ + ikµΨ), (3.10)
and to break (3.10) into multipole moments using the plane wave expansion
e−ikµη =
∞∑
l=0
(−i)l(2l + 1)Pl(µ)jl(kη) (3.11)
and (2.3) for neutrinos. Using (3.10) and (3.11) and projecting out the quadrupole com-
ponent, we find
N2(x) = (Nin + Φin)j2(c−1s x)− c−1s
∫ x
0
dx′j′2(c
−1
s (x− x′))Φ−(x′). (3.12)
where x ≡ kcsη.
The largest gravitational interactions between free streaming neutrinos and photons
occur during radiation domination. This can be understood heuristically by considering
the evolution of initial spikes in the photon-baryon fluid and neutrino distribution. Since
the neutrinos travel faster than the tightly coupled photons, the distance between the neu-
trino spike and the photon-baryon one gets larger as time goes on and the strength of their
gravitational interaction decreases. To a good approximation, the effect of free stream-
ing neutrinos on the photons can be computed using expressions valid during radiation
3The relationship between the Φ± variables defined here and in [35,36] are Φ± → ∓Φ∓.
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domination. Only a small error is accumulated by using these expressions during matter
domination, because by this time the gravitational effects of free-streaming neutrinos on
photons has become small.
The gravitational effect of N2 can be derived by combining (2.13) and (2.14) with (2.6)
and (2.7). Using a(η) ∼ η and the fact that the modes of interest are well inside the
horizon during radiation domination (i.e. kη  1), we find
Φ′′− +
4
x
Φ′− + Φ− = −S(Φ+), S(Φ+) ≡ Φ′′+ +
2
x
Φ′+ + 3Φ+, Φ+(x) = −
4ν
x2
N2(x). (3.13)
Equation (3.13) can be computed perturbatively in ν . The leading correction to Φ− is
given by
Φ
(1)
− (x) = −
4ν
15
sinx− xcosx
x3
−
∫ x
0
dx′G(x, x′)S(Φ+(x′))
G(x, x′) = Θ(x− x′) x
′
x3
((x′ − x)cos(x′ − x)− (1 + xx′)sin(x′ − x)),
(3.14)
where the first term is due to the change in initial conditions from neutrino anisotropic
stress (see Appendix B).
We are interested in evaluating (3.9) at η∗, the peak of the baryon visibility function.
It is useful to write
Bν(k, η∗) =
∫ ∞
0
dx cosxΦ
(1)
− (x)−
∫ ∞
krs(η∗)
dx cosxΦ
(1)
− (x) (3.15)
and similarly for Aν . The first term in (3.15) is scale-independent and can be evaluated
numerically, while the remaining integral is scale dependent. Since krs(η∗) 1, the second
integral can be computed perturbatively in 1/krs(η∗).
In the limit x → ∞, the source function S(Φ+(x)) in (3.14) decays to zero. This can
be seen directly from the expression for N2 in (3.12) since the factors of spherical Bessel
functions and Φ− vanish in this limit. The physical reason the source vanishes is because
the spatial separation between the free streaming neutrinos and sound horizon gets large
as x→∞ and, as a result, the gravitational source function decays to zero.
Since S(x) → 0 in the limit of large x, the x′ integral in (3.14) can be approximated
by extending the upper bound from x to ∞. The dependence on x and x′ then factorizes
and the integrations over x′ can be performed numerically. The O(ν) integrand can be
obtained by first plugging the zeroth order solution of Φ− (i.e. the homogeneous solution
of (3.13)) into (3.12) to find the zeroth order expression for N2. Combining the result with
(3.13) then gives S(Φ+) to O(ν). After performing the x
′ integrals numerically, equation
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(3.14) yields
Φ
(1)
− (x 1) ' −
4ν
15
sinx− xcosx
x3
+
cosx
x3
(κ1 − xκ2) + sinx
x3
(κ2 + xκ1) (3.16)
where
κ1 ≡ −
∫ ∞
0
dx′(x′2cosx′ − x′sinx′)S(x′) ' 2.3ν
κ2 ≡ −
∫ ∞
0
dx′(x′2sinx′ + x′cosx′)S(x′) ' −4.8ν .
(3.17)
The scale dependent integral in (3.15) can be computed analytically using (3.16). The
gravitational influence of neutrino anisotropic stress is then given by
Aν(k, η∗) = 0.44ν +
κ1
2krs
+
15κ1sin2krs + (15κ2 − 4ν)(1− cos2krs)
60(krs)2
Bν(k, η∗) = 0.58ν +
1
krs
(
κ2
2
− 2ν
15
)− 15κ1(1 + cos2krs) + (15κ2 − 4ν)sin2krs
60(krs)2
(3.18)
where all factors of rs in (3.18) are evaluated at η∗.
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Figure 1: Phase shift due to neutrino anisotropic stresses. The solid curve is the semi-analytic
model of the phase shift obtained in (3.19). The dotted line is the phase shift measured in [30]
using the output of CLASS for different values of Neff , holding the frequency and matter-radiation
equality fixed. The measured value does not uniquely isolate the contribution from anisotropic
stress and thus it is possible the mild disagreement at low-k is simply a difference in how φν(k)
is defined in each case.
Equations (3.9) and (3.18) imply the phase shift of Θ0 due to neutrino anisotropic
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stresses is
φν(k) = sin
−1(Bν(k, η∗)). (3.19)
As k → ∞, the phase shift approaches a constant [35, 36]. The leading scale dependence
is given by the simple power law 1/(krs), while the 1/(krs)
2 correction adds an oscillatory
profile on top of the leading behavior. This is depicted in Figure 1, which plots (3.19)
against a numerical evaluation of φν [30]. The figure suggests that the BAO phase shift
due to neutrino anisotropic is nearly constant for k ∼ 0.3hMpc−1.
3.3 Higher-Order in Tight Coupling
Up to this point we have worked to leading order in the tight coupling approximation.
Terms higher order in k/τ˙ represent the fact that individual photons travel a finite dis-
tance between scatterings and undergo a random walk [43,49]. The photon diffusion length
is given by the average distance of the random walk and sets the scale below which corre-
lations in the photon temperature perturbation are washed out. Perturbations at distance
scales below the diffusion length are suppressed and, as a result, the BAO amplitude is
smaller at these scales.
Higher order terms in the tight coupling approximation then contribute damping terms
to (2.25). The change in the photon oscillations is analogous to what happens when a
damping force is added to a harmonic oscillator. In particular, the amplitude decreases
and the phase gets shifted for wavevectors comparable to the inverse diffusion length. In
this section, we follow the discussion of [40] to compute the damping factor and phase
shift.
During tight coupling, the photon multipole moments and baryon velocity oscillate at
the same frequency and can be written
Θn, vb ∝ ei
∫ t dt′ω(t′) . (3.20)
To compute the damping factor and phase shift resulting from corrections to tight coupling,
the oscillation frequency ω(η) needs to be computed to O(k/τ˙)2. Including the contribution
from the photon quadrupole, the equation of motion for Θ1 (2.14) can be written
Θ1 − vb
3
=
1
τ˙
[
iωΘ1 + k
(
2
3
Θ2 − 1
3
Θ0
)]
. (3.21)
Due to the factor of 1/τ˙ multiplying the right hand side of (3.21), the left hand side needs
to be computed to O(k/τ˙)3. The equation of motion for the baryon velocity can be used to
express vb in terms of Θ1. Neglecting terms proportional to a˙/a and Ψ in equation (2.10),
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the baryon velocity can be written
vb ' 3Θ1
(
1− iωR
τ˙
)−1
. (3.22)
Expanding in ω/τ˙ , we find
Θ1 − vb
3
= Θ1
[
−iωR
τ˙
+
(
ωR
τ˙
)2
+ i
(
ωR
τ˙
)3]
. (3.23)
The equation for Θ2 can be obtained by taking the second multipole moment of (2.12).
Including the contribution from fluctuations in the photon polarization distribution, this
gives
Θ2 = − 8
15
k
τ˙
(
1 +
11
6
iω
τ˙
)
Θ1. (3.24)
Combining iωΘ0 = −kΘ1 with equations (3.21) through (3.24) gives the dispersion
relation of the photon-baryon system to O(k/τ˙)2:
iω(1 +R)− ik
2
3ω
− (ωR)
2 + 16k
2
45
τ˙
− i(ωR)
3 + 88
135
k2ω
τ˙ 2
= 0. (3.25)
Plugging in the ansatz
ω = ω0 + i
k
τ˙
γ +
k2
τ˙ 2
δω0 (3.26)
and solving order by order in k/τ˙ gives
ω0 = kcs,
γ
ω0
= −
(
c2sR
2 + 16
45
)
2cs (1 +R)
,
δω0
ω0
=
( 88
135
+ c2sR
3) + (2csR
2 − 1
3c2s
γ
ω0
) γ
ω0
2(1 +R)
(3.27)
where again c−1s ≡
√
3(1 +R). Including corrections to tight coupling, the photon monopole
is then
Θ0(k, η) + Φ(k, η) ' −cos(krs(η) + φdcp(η))e−k2/k2D(η) (3.28)
where the damping factor and phase shift are given by
k2/k2D(η) ≡ k
∫ η
0
dη′
γ
τ˙
, φdcp(η) ≡ k2
∫ η
0
dη′
δω
τ˙ 2
. (3.29)
Corrections to tight coupling induce a leading order damping factor and a second order
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phase shift. Taking the time derivative of (3.28) yields an expression for the photon dipole
Θ1(k, η) = −cs
√
1 +
(
γ
csτ˙
)2
sin(krs(η) + φdcp(η) + φ1(η))e
−k2/k2D(η), (3.30)
where
φ1(η) ≡ tan−1
(
γ
csτ˙
)
(3.31)
is an additional phase shift due to diffusion damping. This implies the photon monopole
and dipole are not 90 degrees out of phase from one another in the presence of diffusion
damping. Note, the phase shifts φdcp and φ1 become larger for increasing k. Consequently,
corrections to tight coupling induce a scale dependent phase shift in the BAO profile which
is largest at the upper end of the observable range.
3.4 Improved Tightly Coupled Photons
Equations (3.8), (3.19), and (3.29) give the phase shifts to the tightly coupled photons
from gravitational driving during matter domination, neutrino anisotropic stresses and
higher order corrections to the tight coupling approximation. Combining terms, we obtain
an improved expression for the tightly coupled photon monopole, which is valid until the
photons begin to decouple from the baryons,
Θtight0 (k, η) + Φ(k, η) = [fΦ(k, η)−Atight(k)cos(krs(η) + φtight(k))] e−k
2/k2D(η) (3.32)
where we have defined
Atight(k) ≡
√
(1− Aeq(k)− AΦ(k)− Aν(k))2 + (Beq(k) +BΦ(k) +Bν(k))2
φtight(k, η) ≡ sin−1(Beq(k) +BΦ(k) +Bν(k)) + φdec(k, η).
(3.33)
Aeq and Beq are corrections due to the evolution during radiation domination and are
derived in Appendix A. The photon dipole can be obtained from (3.32) using the relation
Θ1 = −Θ˙0/k. Equation (3.32) sets the initial conditions for the evolution of the photons
and the force they exert on the baryons during decoupling, which is the subject of the next
section.
4 Corrections Near Decoupling
In section 2.2, we made a number of simplifying assumptions regarding the dynamics near
decoupling. In particular, we evaluated (2.22) using the tightly coupled solution to Θ1,
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Figure 2: The effects of transient photon-baryon scatterings on Θ1 for k = 0.3hMpc
−1. The red
curve includes transients and depicts a numerical evaluation of (4.1). The black curve ignores the
effects of transients and depicts the homogeneous part of (4.2). The orange dotted curve plots
the (rescaled) baryon visibility function gb(η).
ignored the skewness of gb(η) by approximating it as a Gaussian, and neglected the term
proportional to δb(ηg) in (2.20). In this section, we compute the leading corrections to
these approximations and combine them with the results of the previous section to derive
an improved expression for the BAO.
4.1 Transients
Near η ∼ η¯ ≡ 250Mpc−1, the photon-baryon scattering rate has decreased and τ˙ ∼ k for
the observable BAO modes. Photons can no longer be treated as tightly coupled to the
baryons and the photon oscillation frequency deviates from kcs. Even though the photons
and baryons are not tightly coupled, transient photon-baryon interactions continue to
influence the photon evolution until the photons fully decouple from the baryons. Consider
the terms in equations (2.10) and (2.14) that describe photon-baryon interactions:
Θ¨0 +
k2
3
Θ0 =
kR
3
v˙b, v˙b = τ˙b(vb − 3Θ1). (4.1)
Since the photons and baryons are not tightly coupled vb 6= 3Θ1. The relative photon-
baryon motion induces a drag force on the photon oscillations, which alters their frequency
and gives rise to a phase shift.
Ignoring free-streaming effects for the moment, the photon dipole for η > η¯ can be
18
expressed as
Θ1(η) = (Ce
iω(η−η¯) + c.c.) + Θtrans1 (η) (4.2)
where ω ≡ k/√3. The first term is the homogeneous solution of (4.1) and Θtrans1 (η)
parametrizes the correction from transients. The constant C encodes the phase and am-
plitude of the photons as they transition from the tightly coupled regime to the transient
one, and is fixed by matching (4.2) to (3.32) at η¯:
C = − i
2
√
3
(Θtight0 (η¯)−
i
ω
Θ˙tight0 (η¯)) ≡ i|C¯|ei(krs(η¯)+φtight(η¯)+φmatch+φ1(η¯))e−k
2/k2D(η¯) (4.3)
where φmatch is defined as the phase shift due to the matching and |C¯| is a real number.
The contribution from transients Θtrans1 (η) is determined by solving (4.1). While these
equations are difficult to solve analytically, the qualitative effects of transients can readily
be understood by studying the numerical solution. Figure 2 plots a numerical evaluation
of (4.1) against the homogeneous piece of (4.2). We see that the effect of transients is
to increase the photon oscillation period. The curve including transients lags behind the
homogeneous one, and accumulates a phase shift by the time transients have dissipated.
As seen in figure 2, the phase difference is appreciable by the peak of the baryon visibility
function. As a result, transients induce a phase shift in the BAO profile.
It turns out that the lifetime of transients τ¨ /τ˙ is comparable to the oscillation frequen-
cies of modes in the middle of the observable BAO range, k ∼ 0.2hMpc−1. Modes whose
oscillation periods are longer than the transient lifetime should be less sensitive to the
effects of transients. We then expect the size of the BAO phase shift due to transients to
be an increasing function of k.
4.2 Free-Streaming
As discussed in the previous section, photons are no longer tightly coupled to the baryons
after η¯. Since the photon-baryon scattering rate has decreased, photons begin to free-
stream and higher photon multipole moments cannot be neglected. One way to account
for free-streaming is by integrating (2.12) to obtain an expression for the full photon
temperature fluctuation Θ, and then project out Θ1 as is done in the analysis of the CMB.
However, this description hides the fact that free-streaming only induces a perturbative
correction to the BAO profile. The BAO is most sensitive to the photon behavior during
the era of decoupling, before photons fully enter the free-streaming regime. As a result,
contributions from free streaming are better described as a perturbative correction to the
(truncated) fluid description where Θ2 = 0.
The fact that free-streaming effects only provide a small correction to the BAO can
be understood by noting that the total comoving distance a free-streaming photon travels
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during decoupling is of order σ, the width of the baryon visibility function. This turns out
to be less than the comoving wavelengths of observable BAO modes λ ∼ 2pi/k. Since the
photons were originally tightly coupled, individual photons do not travel far during the era
of decoupling relative to the BAO length scales. The truncated fluid description is then
sufficient for the purposes of determining the BAO, and the effects of free-streaming can
be treated as a perturbation.
To derive the corrections from free streaming, we include the term proportional to Θ2
in equation (2.15),
Θ¨0 +
k2
3
Θ0 =
kR
3
v˙b +
2k2
3
Θ2 . (4.4)
The solution to (4.4) can be separated into contributions coming from the homogeneous
evolution, transients, and free streaming. Using Θ1 = −Θ˙0/k, we find
Θ1(η) = (Ce
iω(η−η¯) + c.c.) + Θtrans1 (η) + Θ
FS
1 (η) (4.5)
The behavior of Θtrans1 (η) is most sensitive to the dynamics near η¯, when the transient
photon-baryon interactions are largest. Residual photon-baryon scatterings suppress free-
streaming around this time. To a good approximation then Θtrans1 (η) can be computed
using (4.1).
The contribution from free-streaming can be expressed as
ΘFS1 (η) ≡ −
k
3
∫ η
η¯
dη′eiω(η−η
′)Θ2(η
′) + c.c. (4.6)
We can obtain an expression for Θ2 by first integrating (2.12) for the full photon pertur-
bation and projecting out the quadrupole component. Neglecting contributions from the
gravitational potentials, we find
Θ2(η) ' eτ(η)−τ(η¯)(Θ0(η¯)j2(k(η − η¯)) + 3Θ1(η¯)j′2(k(η − η¯)))
−
∫ η
η¯
dη′eτ(η)−τ(η
′)τ˙(η′)(Θ0(η′)j2(k(η − η′)) + vb(η′)j′2(k(η − η′))). (4.7)
Due to the factor of τ˙(η′), the majority of the integrand’s support comes from the period
of time when transient photon-baryon interactions are largest. The integral can then be
evaluated using the solutions to (4.1).
To obtain the free-streaming correction to Θ1, we evaluate (4.7) numerically and plug
the result into (4.6). Similar to what we found in section 3.3, free-streaming dampens the
photon driving force exerted on the baryons and decreases the BAO amplitude. In addition,
it induces a scale-dependent phase shift in the BAO profile which becomes larger for modes
comparable to the free-streaming length during decoupling k ∼ 2pi/σ. The correction to
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Figure 3: Baryon visibility function gb(η). The black curve is obtained numerically from
HyRec [50], while the blue and red curves depict (4.8) with and without the skewness parameter
k3.
the BAO profile due to free-streaming effects should then be largest for modes at the upper
end of the observable BAO range.
4.3 Baryon Visibility Function and Baryon Velocity
In section 2.2, the baryon visibility function gb(η) was approximated by a Gaussian to
obtain vb(ηg). However, this fit does not capture the asymmetric shape of gb, which itself
induces a phase shift in the BAO. The Gaussian approximation of gb can be improved
using a Gaussian Edgeworth expansion. To leading order
gb(η) ' − 1
σ
√
pi
e−
(η−η∗)2
σ2 (1 + k3H3
(
η − η∗
σ
)
), k3 = −
σ
√
pi
∫
dηgb(η)H3(
η−η∗
σ
)∫
dηe−
(η−η∗)2
σ2 H3(
η−η∗
σ
)2
(4.8)
where H3(x) denotes the third Hermite polynomial and k3 parametrizes the skewness of
gb. Figure 3 plots gb obtained numerically against (4.8) and the Gaussian approximation.
Clearly (4.8) gives a more accurate fit than the Gaussian approximation. In particular, it
does a better job of approximating the peak location and fitting the slowly decaying tail
of gb.
We are now in a position to derive an improved formula for vb(k, ηg). By combining
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the full expression for the photon dipole valid during decoupling (4.5) with (2.22), we find
vb(k, ηg) = −3a(η∗)
a(ηg)
∫ ∞
−∞
dηgb(η)
[
(Ceiω(η−η¯) + c.c.) + Θtrans1 (η) + Θ
FS
1 (η)
]
+ IΦ(k, ηg)
(4.9)
The contributions from Θtrans1 (η) and Θ
FS
1 (η) can be evaluated numerically. The piece
resulting from the homogeneous evolution of Θ1 can be obtained analytically using (4.8).
It is straightforward to evaluate the time integral and find∫ ∞
−∞
dη′gb(η′)eiω(η
′−η¯) ' −
√
1 + k23(σω)
6e−
ω2σ2
4 eiω(η∗−η¯)+iφskew (4.10)
where φskew ≡ −tan−1(k3(σω)3) represents the phase shift due to the skewness of gb.
Plugging (4.3) and (4.10) into (4.9) gives the baryon velocity at ηg. We find
vb(k, ηg) = −Avbsin(krs(η∗) + φvb) + vtransb (k, ηg) + vFSb (k, ηg) + IΦ(k, ηg) (4.11)
where vtransb and v
FS
b parametrize the corrections due to transients and free-streaming. The
amplitude and phase of the piece due to the homogeneous evolution of Θ1 are
Avb ≡ 6|C¯|
a(η∗)
a(ηg)
√
1 + k23(σω)
6e−k
2/k2D(η¯)e−
ω2σ2
4
φvb ≡ k(rs(η¯)− rs(η∗)−
η¯ − η∗√
3
) + φtight(η¯) + φmatch + φ1(η¯) + φskew. (4.12)
The first contribution to φvb is due to the fact the photons no longer propagate at the
speed cs after η¯. The remaining contributions come from corrections to the tightly coupled
photons (3.33), matching at η¯ and the skewness of gb. The factors of v
trans
b (k, ηg) and
vFSb (k, ηg) in (4.11) encode phase shifts due to transients and free-streaming. The amplitude
of vb is suppressed at large k by diffusion damping. In addition, free streaming during
decoupling also decreases the amplitude of vb(k, ηg).
4.4 Baryon Overdensity
As described in section 2.2, the baryon velocity at ηg gives the leading contribution to
the BAO profile. This is due to the velocity overshoot effect, i.e. the fact that the term
proportional to δb in the expression for CBAO (2.20) is suppressed relative to the term
proportional to vb by a factor of aH/k. However, in the time between η¯ and ηg, the baryons
have begun to experience gravitational growth and the magnitude of δb has increased several
times larger than the magnitude of vb by ηg. This partially compensates for the small factor
multiplying δb, which means the contribution from δb in (2.20) gives a leading correction
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to the BAO profile. To derive δb(k, ηg), we integrate δ˙b = −kvb from η¯ to ηg and find
δb(k, ηg) ' 3Θ0(k, η¯) + 3k
∫ ηg
η¯
dη
eτb(η)
a(η)
∫ η
−∞
dη′a(η′)gb(η′)Θ1(η′)− k
∫ ηg
η¯
dη′IΦ(k, η′)
(4.13)
where we used δb(η¯) ' 3Θ0(η¯). It is straightforward to evaluate (4.13) numerically.
5 BAO
Plugging our expressions for the baryon velocity (4.11) and overdensity (4.13) at ηg into
(2.20) yields an improved expression for the BAO
CBAO(k) =
2k
5y˙(ηg)
Ωb
Ωm
(Avb(k)sin(krs(η∗) + φvb(k))− vtransb (k, ηg)
−vFSb (k, ηg) +
3aH(ηg)
2k
δb(k, ηg)− IΦ(k, ηg)
)
.
(5.1)
The phase shift φvb is due to corrections to the tightly coupled photons (described in sec-
tion 3) and the skewness of the baryon visibility function (section 4.3). The contributions
from transient photon-baryon interactions and free-streaming (sections 4.1 and 4.2) are
parametrized by vtransb and v
FS
b . Finally, the contributions from the baryon overdensity δb
and gravitational potential IΦ are described in sections 4.4 and 2.2.
Figure 4 plots CBAO obtained numerically from CLASS [47] against the baseline model
(2.28) and our improved semi-analytic model (5.1). The breakdown in the agreement
between the semi-analytic model and the output from CLASS at lower k is expected. Our
expressions for the contributions from gravitational driving during matter domination and
the phase shift due to neutrino anisotropic stress (sections 3.1 and 3.2) rely on krs(ηeq) 1
and krs(η∗) 1, which is more accurate for larger k.
Table 1 lists the changes to the first four BAO peak locations in Fourier space due to
(from left to right) gravitational driving during matter domination, neutrino anisotropic
stresses, higher order corrections to tight coupling, transient photon-baryon interactions,
free-streaming of photons, the skewness of the baryon visibility function and the baryon
overdensity at ηg. The variations are determined by individually removing each contri-
bution from (5.1) and subtracting the new BAO peak locations from the old ones. For
comparison, the last column gives the shifts due to a 1% shift in the sound horizon at η∗.
As expected, the higher BAO peaks are more sensitive to corrections to tight coupling,
transients and free-streaming. The impact of gravitational driving during matter domina-
tion is largest in the first peak location. The skewness of gb induces the smallest shifts to
the peak locations. The shifts due to the baryon overdensity at ηg are of similar size as
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Figure 4: Plot of the baryon growing mode coefficient KBAO = CBAO/( 2k5y˙(ηg)
Ωb
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) given by equa-
tion (5.1) (red) versus the numerical result (black) obtained with CLASS [47]. The blue curve is
the baseline curve describe in equation (2.28), after modifying its amplitude and offset from zero
to agree with the amplitude of the third peak and trough obtained with CLASS.
δkν , which is nearly scale-invariant.
The first three entries in Table 1 (left) directly alter the photon distribution around
the time of recombination. As a result, these shifts similarly alter the acoustic peaks of
the CMB. On average, the neutrino phase is the largest of these effects. At first sight,
the weak k-dependence of δkν might appear to contradict the k-dependence observed in
Figure 3.19. However, because the amplitude of the BAO is also k-dependent, the locations
of the peaks and the change to the phase are not equivalent. The next four effects in the
table (middle) are unique to the BAO and are potentially larger than the neutrino induced
phase. These effects are uniquely sensitive to physics during the decoupling of photons and
baryons. It would be interesting to explore how these effects might be sensitive to beyond
ΛCDM physics.
The total phase shifts are compared to a one-percent shift in rdrift (right columns).
Current observations constrain DM(z)/rdrift [6] at the percent level and thus are likely
already sensitive to these shifts. Next generation surveys such as DESI [8] and Euclid [9]
are expected to reach sub-percent level of sensitivity over a larger number of redshift bins,
likely translating to a factor of several in improvement in overall sensitivity [51]. These
expectations are consistent with forecasts for the measurement of the neutrino phase shift
in current and future surveys [30].
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peak no. δkΦ δkν δktight δktrans δkfree δkskew δkδb δktot δk1%
1st 3 3 1 −3 1 −1 −4 0 1
2nd 0 3 1 −3 0 −1 −3 −3 2
3rd 0 3 2 −6 −4 1 −3 −7 3
4th 1 3 4 −8 −8 0 −3 −11 3
Table 1: BAO peak shifts resulting from corrections to tightly coupled photons and decoupling.
Shifts are in units of 10−3hMpc−1. For comparison, the last column gives the shifts in the peak
locations due to a 1% shift in the sound horizon at η∗.
6 Conclusions and Outlook
In this paper, we presented a detailed analysis of the different physical effects that give
rise to the BAO phase in Fourier space, and derived a semi-analytic model for the BAO.
This model was used to determine the variations of the BAO peak locations due to seven
corrections to the tightly coupled photons and the physics during decoupling. The effects
from gravitational driving during matter domination, neutrino anisotropic stresses and
higher order corrections to the tight coupling approximation are common to the peak
locations of both the CMB and the BAO. The remaining corrections are unique to the
physics of baryon decoupling and could, in principle, be altered without impacting the
CMB directly. Some of these shifts are comparable in size to the phase shift due to
neutrino anisotropic stress or a one-percent shift in the BAO scale, and thus should be
large enough to be measured in current and future data.
Our broader motivation for this work is to understand how physics beyond ΛCDM can
alter the BAO non-trivially. This is relevant to the use of the BAO as a standard ruler,
since measurements of the BAO phase and peak are degenerate [30, 31]. Our analytic
understanding of these phase corrections gives us a window into the types of models that
might non-trivially impact the BAO in a way that is not captured by standard BAO
analyses. The importance of this is highlighted by the fact that BAO measurements will
improve [51] to the point where these phases could be measured with high significance [30].
It would be particularly interesting to investigate whether a direct measurement of the
phase of the BAO could be provide new insights into the era of baryon decoupling and any
possible new physics that could manisfest itself at that time.
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A Matching at Radiation-Matter Equality
In this appendix, we compute the factors of Aeq and Beq appearing in (3.32) which represent
the contributions to the tightly coupled photons due to the evolution during radiation
domination. Ignoring the corrections discussed in section 3, the expression for the tightly
coupled photons during matter domination is the homogeneous solution of (2.25) and can
be written
Θ0(k, η) + Φ(k, η) = −(1− Aeq(k))cos(krs(η)) +Beq(k)sin(krs(η)). (A.1)
The coefficients Aeq and Beq can be fixed by matching (A.1) to the expression for Θ0 valid
during radiation domination. Neglecting contributions from matter for the moment, the
photon monopole during radiation domination takes the well-known form
Θrad0 (k, η) =
2((krs)
2 − 1)sin(krs)− krs((krs)2 − 2)cos(krs)
(krs)3
. (A.2)
By matching the functional values and derivatives of (A.1) with (A.2) at ηeq, we find
Aeq(k) =
krs(2sin(2krs)− krs(cos(2krs)− 3))− 6sin2(krs)
(krs)4
+ Φcos(krs)
Beq(k) =
(3− (krs)2)sin(2krs)− 2krs(−(krs)2 + cos(2krs) + 2)
(krs)4
+ Φsin(krs)
(A.3)
where all time dependent functions in (A.3) are evaluated at ηeq and Φ is given by (3.4).
The phase shift to Θ0 due to the photon evolution during radiation domination is then
approximately
φeq(k) = sin
−1(Beq). (A.4)
Equation (A.2) is only valid if radiation is the only gravitational source during radi-
ation domination. In reality, by ηeq gravitational collapse has made δ much larger than
Θ0 for the relevant scales. This means that near ηeq, the scale factor and gravitational
potentials deviate from their pure radiation domination expressions. While (A.3) gives
the leading scale dependence of Aeq and Beq, the gravitational effects of matter give im-
portant corrections. These corrections are difficult to compute analytically, however, it is
straightforward to incorporate them by solving (2.5), (2.8) and (2.14) numerically through
radiation domination. The results of this are used to evaluate Aeq and Beq in (3.32) and
(3.33).
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B Initial Conditions
In this appendix, we derive the initial conditions for the gravitational potentials including
contributions from anisotropic stress using the method described in [44]. Assuming the
initial conditions are adiabatic, then at early times the cosmological perturbations can be
approximated by the following series solutions,
Φ = Φ0 + Φ2(kη)
2, Ψ = Ψ0 + Ψ2(kη)
2,Θ0 = Θ00 + Θ01(kη) + Θ02(kη)
2,
N0 = N00 +N01(kη) +N02(kη)
2, N1 = N11(kη) +N12(kη)
2, Θ1 = Θ11(kη) + Θ12(kη)
2,
N2 = N22(kη)
2, vb = vb1(kη) + vb2(kη)
2. (B.1)
The series coefficients can be obtained by inserting (B.1) into N˙2 = 25kN1 and the equations
of motion for the metric perturbations and cosmological components given in section 2.1.
Matching order by order in η, we find
Φ0 = −(1 + 2
5
ν)Ψ0,
vb
3
= Θ1 = N1 = kη
6
Ψ0. (B.2)
It is useful to write the initial conditions for the gravitational potentials in terms of the
conserved scalar curvature perturbation ζ. Using ikiδT
0
i = 4ak(ργΘ1 + ρνN1) and (B.2),
we find
ζ ≡ −ikiδT
0
i H
k2(ρ+ P )
+ Φ = −3
2
(1 +
4ν
15
)Ψ0. (B.3)
The initial conditions for the gravitational potentials are then
Φ =
2
3
(1 +
2ν
15
)ζ, Ψ = −2
3
(1− 4ν
15
)ζ. (B.4)
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